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A Rigorous Technique for Measuring the
Scattering Matrix of a Multiport Device

with a 2-Port Network Analyzer

‘JOHN C. TIPPET, MEMBER, IEEE, AND ROSS A. SPECIALE

Abstract—A new measurementtechnique is deseribed that eliminates

the mismatched-induced errors that occur when the scattering matrix of a

mukiport device is measured with a 2-port network arratyzer. These errors

arise from neglecting the finite reflections from the imperfect auxiliary

loads terminating the unused ports of the device under test in each of the

reqnikd 2-port measnrements. It is shown how a systematic application of

the generalized scattering matrix renormalization transform completely

eliminates these errors. This new method is completely general and can

therefore be applied to measurements of the scattering matrix of an n-port

device with an m-port network analyzer (m< n ).

I. INTRODUCTION

A LTHOUGH a new method for determining the n X n

complex scattering matrix of a multiport device in a

single measurement was recently developed [1], this method

requires a nonconventional type of multiport network

analyzer. Alternatively, a more conventional way of perfor-

ming such measurements on an existing 2-port automated

network analyzer (ANA) is possible. Using the conven-

tional method, however, several partial 2-port measure-

ments must be performed with the ANA connected to

various 2-port combinations of the device under test (DUT).

In each of these 2-port measurements, the n – 2 unused

ports of the DUT should ideally be terminated with per-

fectly matched loads. Frequently, however, this require-

ment cannot be met in practice with sufficient accuracy. As

a consequence, several different values of the reflection

coefficient S1, at any given port of the DUT are obtained

from the partial 2-port measurements. At the same time,

erroneous values of all the off-diagonal elements S1, of the

n X n scattering matrix are obtained. These errors are espe-

cially large when the DUT is a well-matched, low-loss

device.
The cause of these errors is the unavoidable change in

the external port impedances seen by the multiport DUT

from one partial 2-port measurement to another. Indeed,

the various nonzero reflections from the necessarily imper-

fect n – 2 auxiliary loads are frequently of the same order

of magnitude as those S,, the device being measured would

intrinsically have if terminated with perfect loads. The

off-diagonal elements S,, of the measured n X n scattering

matrix are also significantly affected by the vectorial addi-
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tions of multiple reflections bouncing back and forth among

the n – 2 imperfect auxiliary loads. These mismatch-in-

duced errors may be eliminated by rigorously taking into

account the finite reflections from the n – 2 mismatched

auxiliary loads.

An exact solution of this practical problem is provided

by the scattering parameter renormalization transforms

originally derived, in algebraic form, by D. Woods’ for

devices with up to six ports [2]-[4]. Unfortunately, the

complex algebraic structure of these scalar transformations

makes their practical application exceedingly cumbersome

when the number of ports is greater than two. The recently

derived matrix form of these transformations [5], however,

involves only simple matrix operations, is easily program-

mable, and holds for any number of ports n. This matrix

transformation is the key to calibrated measurements of

the scattering matrix of multiport devices with any number

of ports n using a 2-port ANA or, in general, an m-port

ANA with m <n. The transformation is given by [5]

s’=(l–s)-’(s– r)(I–s. r)-’(s)s) (1)

where S is the original scattering matrix normalized to a

given set of port impedances {, (i= 1 to n), S’ is the

transformed scattering matrix normalized to a new set of

port impedances Z, (i= 1 to n), 1 is the n X n identity

matrix, and 17 is an n X n diagonal matrix containing the

reflection coefficients ri (i= 1 to n) of the loads Z, as seen

from lines of characteristic impedance (1.

II. MEASUREMENT TECHNIQUE

We shall describe our measurement technique and pre-

sent some of the measured results which were obtained on

a commercial 3-dB, 90° hybrid coupler, using a conven-

tional 2-port ANA. The assumed port enumeration for the

coupler is shown in Fig. 1.

As explained below, the measurement of an n-port de-

vice using our technique requires n separate auxiliary loads.

However, the validity of the generalized scattering matrix

renormalization algorithm does not depend on the specific

magnitudes of the reflection coefficients of these loads as

long as none of the loads is perfectly reflecting (I rl = 1)
[5]. It appears, however, that for an m-port ANA, as many

as m — 1 of the auxiliafi loads may be perfectly reflecting.

To test this rigorous generality we selected an extreme
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Flg 1, Port enumeration of a typical coupler.

situation that vividly demonstrates the remarkable capabil-
ities of this new technique. The loads associated with each

port of the DUT were nominally selected as: a 2:1 mis-

match on port 1 (Z,); a 4:1 mismatch on pc)rt 2 (Zz); a

1.3:1 mismatch on port 3 ( Z~); and a short on port 4 (Zd).

Six partial 2-port scattering parameter measurements

were then performed on the 3-dB coupler with the ANA

connected in turn to ports 1–2, 1–3, 1–4, 2--3, 2–4, and

3–4. In general, the number of measurements required,

using a 2-port ANA, is ~) = n( n — 1)/21 where n is the

number of ports. (We have implicitly assumed that the

ANA used in these measurements has a test set that is

capable of determining both the forward and reverse S-

parameters in one single measurement without physically

reversing the DUT.) During each 2-port measurement, the

unused ports of the DUT were terminated with their

corresponding loads. For example, in the first 2-port

measurement, ports 1 and 2 of the DUT were connected to

the ANA, port 3 was terminated with 23, and port 4 was

terminated with 24. In the second 2-port measurement,

ports 1 and 3 of the DUT were connected to the ANA,

port 2 was terminated with Zz, and port 4 was terminated

with 24. Continuing this process with the remaining 2-port

measurements, any unused port of the DUT, say port i,

must always be terminated with its corresponding load Z,.

It is because of this rule that the measurement of an n-port

device requires n separate auxiliary loads, all fully char-

acterized in terms of their complex reflection coefficients

r,.
The complex values r, of the reflection coefficients of the

n auxiliary loads (Figs. 2 and 3) and those S,, of the partial

2-port DUT measurements must all be obtained, through

vector error correction, from a calibrated system. In our

measurements, raw, uncalibrated data of these complex

quantities were acquired and also of the scattering matrices

of three calibration standards, a “ thru”, a “short”, and a

“delay”. These last calibration data were then used to

perform a vector error correction of all the uncalibrated

scattering parameter data using the well-known TSD

calibration procedure described in [7]–[ 11]. Alternatively, a

calibration procedure based on a different set of standards

could have been used instead.

After the initial TSD calibration, the six partial 2-port

measurements yield six different 2 X 2 partial scattering

matrices of the coupler, where the two ports connected to

the ANA in each measurement are normalized by TSD to

50 Q (real) while the remaining ports are normalized to the

impedances of the corresponding auxiliary loads. When

properly renormalized, these six 2X 2 complex matrices

1It is conjectured that for an m-port ANA where rM M even and n 1s a
multiple of m/2, the reqmred number of measurements M given by
n(2n – m)/nr2 [6]
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Fig. 4 The submatrices of a 4-port network

(shown schematically in Fig. 4) become submatrices of a

complete and intrinsically consistent 4 X 4 complex scatter-

ing matrix of the 4-port coupler.

In Fig. 4 each 2 X 2 submatrix is represented by a square

with corners at the locations of the four submatrix ele-

ments in the complete 4X 4 matrix. As can be seen, the

corners of three of the six squares representing the 2 X 2
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Fig. 5. Return loss at port I before partial renormalization.
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Fig. 6. Return loss at port 1 after partial renormalization.

submatrices are located next to each element on the diago-

nal of the complete 4X 4 matrix. Thus, necessarily, three

independent determinations are made of the reflection

coefficient Sii at each of the four ports of the coupler. If all

the auxiliary loads were perfect, the three S,, values ob-

tained for each location on the diagonal would be equal to

one another, and would provide a single value for the

reflection coefficient at any given port. In practice, however,

the three S,, values obtained are not mutually equal, since

the external port impedances seen by the DUT in each of

the partial 2-port measurements are different.
Indeed, the submatrix obtained in the first measurement

(ports 1-2) is a submatrix of a complete 4X 4 scattering

matrix whose ports are normalized to 50, 50, 23, and Zd,

respectively, while the submatrix obtained in the last

measurement (ports 3–4) is a submatrix of a 4 X 4 scatter-

ing matrix whose ports are normalized to Z,, 22, 50, and

50. These mutually inconsistent port normalizations can be
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Fig. 7. Reflection coefficient phase at port I before partial renormaliza-

tion.
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Fig. 8. Reflection coefficient phase at port 1 after partiat renormaliza-

tion.

made consistent by renormalizing each 2 X 2 submatrix to

the impedances of the two loads corresponding to the ports

that were connected to the ANA during the partial 2-port

measurement. Indeed, we renormalize the first 2 X 2

submatrix (ports 1–2) from 50, 50 to 21, 22, the second

from 50, 50 to 21, 23, etc. After this partial renormaliza-

tion is performed, each submatrix may be directly copied

to the corresponding locations of a complete 4X 4 scatter-

ing matrix normalized to Z,, 22, 23, Zq. The resulting 4 X 4

matrix is a first, intrinsically consistent scattering matrix of

the coupler. It may be further renormalized to 50, 50, 50,

50 to reduce it to a standard form.

III. RESULTS

The results of the renormalization of three of the six

2X 2 submatrices are shown in Figs. 5-8. Shown in Fig. 5

is the return loss at port 1 IS1, I for the first three measure-

ments (ports 1–2, 1–3, 1–4) before renormalization. As can
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Fig. 9. Reconstructed insertion loss of a 3-dB 90° hybrid coupler
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be seen, the curves are quite different. After renormaliza-

tion, however, the three curves become essentially identical

to one another, as shown in Fig. 6. Similarly, the phase of

the reflection coefficient at port 11S,, for the first three

measurements (ports 1–2, 1–3, 1–4) before renormaliza-

tion is shown in Fig. 7. After renormalization, the three

curves merge ‘into one as shown in Fig. 8. Thus, the 2X 2

partial renormalizations generate, to within measurement

accuracy, identical values for the complex reflection coeffi-

cient S1, at port 1. Although not explicitly shown, unique

values for the complex reflection coefficients S,l at the

other ports of the coupler are also obtained. At the same

time, correct values are obtained for all of the off-diagonal

elements ~,,.

Once tins complete 4X 4 scattering matrix of the coupler

normalized to 21, Zz, 23, and Z4 has been determined,z it

may be renormalized back to the standard set of external

port impedances of 50, 50, 50, and 50. The familiar scatter-

ing matrix of a 3-dB coupler is then totally recovered, thus

removing the effects of the mismatched auxiliary loads

used during the partial 2-port measurements. After this

final 4-port renormalization was performed, the recon-

structed responses shown in Figs. 9– 13 were obtained.

The insertion loss and insertion phase for the thru (lines

labeled “T”, representing Sld, S41, S23, and S32) and
coupled ports (lines labeled “C”, representing S1s, S31, S24,

and S42) are shown in Figs. 9 and 10, respectively. In these

two figures the solid lines indicate forward S-parameters

(S31, S42, S41, and S32), and the dashed lines indicate

reverse S-parameters (S13, S24, S14, and S23). The relative

insertion phase between the thru and coupled ports is

shown in Fig. 11. The nearly nominal 90° phase shift is an

indication of the symmetry of the coupler. The return loss

at each port of the coupler IS,, I is shown in Fig. 12.

Finally, the isolation between ports 1 and 2 (lines labeled

“L”) and between ports 3 and 4 (lines labeled “R”) are

shown in Fig. 13.

may not even be necessary. Indeed, for a good short, an

assumed value of – 1 is probably more accurate than the

actual measured value one might obtain from a typical

ANA.

Finally, in the case of well-matched, low-loss devices

where the reflections are so small that they are difficult to

measure, it may be desirable to use auxiliary loads with

substantial reflection coefficients in order to make the

signals reflected by the multiport DUT larger than the

system’s noise, and thus easier to measure accurately. In

these conditions one would rely more heavily on the rigor-

ous validity of the renormalization transform than upon

the intrinsic accuracy of the auxiliary loads.

In the remaining phase of our development, an error

analysis will be performed to determine the sensitivity of

the reconstructed n X n scattering matrix of an n-port

device to possible residual errors in the required values of

the complex reflection coefficients of the auxiliary loads.

Attempts will also be made at determining 1) optimum

values of these reflection coefficients that maximize the

accuracy of the reconstruction, and 2) the dependence of

these optimum values on the particular response of the

multiport DUT.

V. APPENDIX

In this Appendix, we will give a brief derivation of the

generalized scattering parameter transformation given by

(l), as reference [5] may not be available to all interested

readers.

The Z-matrix of an n-port network may be written as a

function of either of the two scattering matrices S or S’,

where S is normalized to a given set of port impedances {,

(i= 1 to n), and S’ is normalized to a different set of port.

impedances 2, (i= 1 to n)

z=(I–s)-’(I+ s).& (2)

Z=(I– S’)-’(I+S’). ZO (3)

IV. CONCLUSIONS where ZO and JOare diagonal matrices containing the port

At relatively low microwave frequencies where well-

matched loads are readily available, this technique provides

only increased measurement accuracy by eliminating rela-

tively minor errors due to the small mismatches of the

auxiliary loads. At higher frequencies, however, it becomes

increasingly difficult to manufacture well-matched aux-

iliary loads. These would not be required, however, if this

new technique were applied. In fact, even fully reflecting

shorts could be used provided their total number is less

than the limit indicated previously. This would seem to be

an advantage, in practice, since a short is easier to manu-

facture and is more repeatable than most practical loads.

Furthermore, a measurement of its reflection coefficient

impedances Z, (i= 1 to n) and {, (i= 1 to n), respectively.

By equating (2) and (3), one can solve for S’ in terms of S

as 1

S’=(l– S)-l[(I+ S)–(ES). ZOJ;’]

.[(I+S)+(I-S).ZO{; ’]-’(I-,S). (4)

Finally, since

Zow=u+r)(l-r)–’ (5)

upon substituting (5) into (4) one finds the result expressed

by (1)

s’=(l–s)-’(s –r)(I–s. r)-’(s) s). (6)

2This scattering matrix is, in generaf, normalized to a complex set of A completely equivalent form of the previous expression
externat port impedances.AS a consequence1) it may substantially differ
from the conventional scatterimz matrix normalized to 50 Q (reall at all

may be clerived as shown in [5] with the following result:

four ports: and 2) it does no: display the well-known syrnmet~ and

unitary character for reciprocal and Iossless networks. s’=(z–r)-’(s –r)(~–r. s)-’(r) r). (7)
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